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The present paper deals with a quasilinear second order parabolic equation describing an
unsteady one-dimensional infiltration and investigates the time asymptotic of the solution
of the proble m of formation of moisture saturation profile when the infiltration starts at the
surface. The existence of a limiting profile expanding with a constant velocity is proved
and estimates are given for the speed of approach to this profile with increasing time, when
the soil has unlimited capacity. An estimate of the speed of approach to the steady (homo-
geneous) distribution is also given for the soil of limited capacity.

During the infiltration into a homogeneous soil, moisture u(t, x) of the soil being a func~
tion of time ¢ and of depth x of the layer (the X-axis is directed downwards), satisfies an
equation of the type

du @ du 8K (u) 1)
’TaT“EE[D(“) oz ]— az

D(u)>0, K(u)>0, D'(u)>0, K'(¥)>>0, K" (u)>p>0when(u>u>0)
Taking into account initial moisture distribution in the soil and infiltration on the sur-
face of the ground, we obtain the following boundary condition:

u(@,0) =u (@¢>0), u(0, )=y (2) V<< 2z )

u < uE) <u  (lim U (z) = ug) when z—»4-00) @
Here u; = 1 denotes the moisture corresponding to full saturation of soil on the earth

surface.
In the presence of ground water at the depth % = X, our boundary condition assumes the
form

uft, 0) = uy, u(t, X) = uy, u(0, z) = uy ()
0Kz X, LU (D)< y 3

The problem of determination of the limiting moisture profile during infiltration into the
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soil i.e. investigation of asymptotic behavior of solutions of boundary value problems (1),
(2) and (1), (3) as ¢ + o, is of great practical value in the problems of irrigation. A number
of foreign authors [1 to 4] investigated the physical and partly mathematical aspect of this
problem,and they have put forward an assertion which was either based on physical consid-
erations, or was arrived at intuitively. It stated that after sufficient time the moisture pro-
file assumes some permanent form, which then moves downwards with a constant velocity
without further change. I’in and Oleinik have investigated in [5].the asymptotic behavior
of solutions of Cauchy's problem for Eq. (1) with D(u) = const, encountered in gas dyna-
mics.

Methods given in the present paper extend to the case D{(u) # const, applied to boundary
value problems (1), (2) and (1), (3) (Cauchy’s problem has, in this case, no physical mean-
ing).

Let the coefficients of (1) and the boundary functions satisfy the conditions of existence
and uniqueness theorems, the latter being bounded together with the derivatives of solutions
of boundary value problems (1), (2) and (1), (3) (see [6]).

We shall denote by U(x — Az + C) (4 > 0) a simple wave solution of (1), satisfying the

condition
U(~o0) =u;, U (+ o0) =uy 4
Integration of (1) together with (4), yields
U
D (u)du
”"AH'C:S‘“[K'[uo+8(u—uo)]—A](u—Uo) 0<eW<) ®)

It is easy to see that when uy <u,<u, and K”@) > u> 0, then a simple wave solution
satisfying (4) exists, is a monotonously decreasing function since
OU _ [K' [uo+8 (U — )] — A1 (U — o) ;
Bz D(0) <0 (©
for any finite values of x and ¢, and is defined with accuracy of up to the displacement C
along the X-axis. Velocity 4 of the paralle]l displacement of the wave is given by
A= K (u1) — K (up)
Uy — U
Theorem 1. Letu(s %) be a solution of the problem (1), (2). If the initial function
ug(x) satisfies, at all x > 0, the inequality

| K (uo) — A\
(@)~ S Mie T, N> Ha @)
(where M, is a constant), then such constants ¥ > 0, C;, and 8> 0 independent of the solu-
tion u(t, ¥) exists, that the inequality
[u(t, 2) —U(z—At+ Cp) | < M (8)
holds.

Proof Letus perform the following change of variables: ¢’ =t, x’= x — At and retum
to the former variables ¢ and x. Then, the boundary value problem (1), (2) reduces to

du 3 du 0K° (u) 9
EaEALICE ©
u0,2)=uw(E) O<r<o), u(t, —A)=u (t30) (10)

K° (u =K(u2,—Au+ c*
Constant C° is chosen so that K (u,) = K (u,) = 0. Solution of the problem (9), (10) is
defined in the region P{t> 0, — 4t £ x < oo}, bounded by T{e>0, x= - A},
Simple wave solutions U(x = At + C) of (1) satisfying condition (4) now become station-
ary solutions U(x + C) of

d du | dK°(u) v
[P dT] &

also satisfying (4).

The basic method of obtaining the inequality (8) utilizes a generalized maximum princi-
ple formulated as follows.

Lemma. Let a function u(t, ) be defined and continuous in the region P
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u(t,2) >0l u(t, ) >M@) 1+ |zl

where M(t) is a continuous function. If the inequality

%u du du

L{u)=a(t, z) gz +b(t 2) 5 +¢(t, 2} +d{t, 2)u <0, {(z, h& P
where a(t, x), b(¢, %) c(¢, x) and d(¢, %) are bounded in P and d{¢, x) £ 0 while c(t, x) & — kg
< 0 holds, then ult, x) > 0 in P,

This Lemma is completely analogous to Lemma 1 in[5], and we shall use it to prove the
following well known property of solutions of (9).

Ifu,(, %) and u,(t, x) are two solutions of (9) and u,{¢, x)|p L u,le, 2)|p, then u4lt, x)
S u,{t, x) in P. In particular, we have by virtue of this property

g u(t, IS (12)

Let us now consider two simple wave solutions U, (x + A ¢+ C ) and U,(x — Ayt -~ C)),

(Cy, €3> 0) of (9), each satisfying relevant conditions
Up(—o0) =u, Uy(+oo)=uy—8 Us(—o0)=w+e, Us(to)=nuy

where the wave velocities A ;> 0 and A ;> 0 are given by
K°® (ug) — K° (ug — &) K® (uy 4 &) — K° (u5)

b= Uy — Uy € ’ b= u & — g
We shall assume the & > 0 is sufficiently small to satisfy
b KD (ug) 1 — K (ug), << A (13)

Let us estimate the difference U, (x — Ajt — C,) — u,. By analogy with (6), we have
aUz Uy  [K(uo 1 8 (Us — ug)) — Aa] (U — w)

ds — 9z D(Uy)
OB, <1, s==2—het —Cy)

Obviously
K (1) »=e Ay K (wo 4 8 (Ug — up)) — Ag
D) S D (U5) <0
Let us put
K* — Aa
-—-—---(Bﬂ—&o)—— =-—ms (ma<"m)
Thus
dl,
—mg(Uz—uo)g*'aT<O, or —myds S dln (Ug — uy) €0
This yields
Uy Uy < e~ s < Kze—m.(x—ht) (14)
The inequality
K ¥
uy — Uy < Kye™ G+t (ml = —'gfz%s:'—“) {15)

is derived in an exactly analogous manner.

When C, and C, increase, initial value of U, (x + C,) decreases while that of Uyx~C,)
increases, and by i13) and (14) we have

Ug (7) —uo
Tz — O —wp S Moo
i.e. the initial function ug{x) converges to uqy not slower than U 2(# = C ) Consequently,
constants ', and C, can be chosen so that the inequalities
U+ C) <% (2) S Uy (2 — Cy) 0< 2 )
hold. But then we have ' : <
Uizt M+ C)Sult, S Us(z—2gt—C) (2, )EP (16)

From (12) and (16) we can obtain the following properties of the solution u(t, x) of the

boundary value problem (9) and (10)

(1) lim u(t, z)=u; whent& [0, T} (T is any finite number)
x—++00

. du
(2) thm 35 =0 when t 10, T
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du(t, — Ar)
3 lim——5— =0
( ) 00 oz
(4) At any finite ¢, the following integral exists
©0 o0
S [ (2, 2) — o] dz < S [Us(@ — At — Cs) — o) dx
x x

The first property follows directly from (12) and (16), The second property can be pro-
ved using inequalities in a manner completely analogous to that used in Lemma 3 of [pS].
To prove the third property we subtract u; from all parts of the inequality
U(z+Mt4-Cr)u(tr) Sw

¢ o
’ u
S Fr dx
—At

%& arguments analogous to those given in the proof of Lemma 5 in [4] we find, that sin-
ce l /0x| <M = const, the latter inequality implies that

du(t, =)
oz
and this, in turn, gives the final result
.ﬂ‘_ -0 as t— o0
8z |x=—At

Assertion (4) follows from the inequality (12) and existence (by (14) of the integral
o

S [Us(z — Aot — C2) — uo] dz

Using (15) we have

=|u(t, z)—u| << K1e™ (ethat)

<Koel/’ my (xhst) 17)

x
Properties (1) to (4) of the solution of (9), (10) can be used to prove the existence of a
limit to the function

0 [o:)
J(t)= S [u(t, ) — ) dz + S [ (t, &) — uo] dz
~At 0
Indeed
0 o 0
) _ du(t, z) 5. _
‘E‘[_Sl[u(t, z) —wm]dr (S [u(, “’)“uo]dx:l ——;t_?%f_dx~
= T d Oul g _ du(t, x)
_Su.a—“’ {[D(u) 9 ] K (u)}dr =Dy G2 |
Since

K® (ug) = K° [ut, —A9)] = K° (u) = 0. |% u(t, — A1) | < Koe ™ (470!
then

i)
Hm 5 (t)
Obviously the function

d 1—z 1 dJ
w(F)  wessgreon (G-
is continuous. This specifically implies that
lim.J (t) = lim J (1% ) —B
t—c0 z—+0 2

exists.
Let us also estimate the rate of convergence of J(t) to the constant B

1—2z dJ dJ dt 1 dJ
0=81= s (=57)—8|< |G | = |5 || m=17¢—‘<‘+1>

zZ =
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thus we have
[T () =B << Ky (t + 1) emlA-dt (18)
Next we shall establish the convergence, uniform in ¢, of the solution u(s, %) to Uy as

% -+ + oo, Putting ax | K
g max|K¥ @]

Dluy =0

we choose the constant M appearing in
(oo}

y(t, z) = S {Me™* — [u(t, 2) — uo)} do-
x
:11?1:1;1::1& slarge to make y(0, ) > 0, This is possible since y, > a. Integration of (9) from

du ¢

lij
D (u) 5o — K* (@) + 57 { u(t, 2)dz =0 (19)

x

Let v(x) = Me-%x 4+ 4, Obviously
v
D (u)——— K°(v) = — Me™** [Da + K* (8)] < 0

. U O up -+ Me™¥, | K (u0)| > | K (8) | (20
Subtracting (19) from (20) and taking into account that

—o—w=a (o e ) =2

we obtain the following inequality *

0%y o dy dy
D (u) X -— K (8) 3z ot <0
Since the function y(s, x) satisfies the conditions of the Lemmas, we have
o

1
S [u (2, 2) — uol dz <~ Me™*"

x
from which, the uniform in ¢ convergence of the solution u(s, %) to ug as x + + s, follows.
We shall now consider the function
o0

z(t, :c):S[u(t, g) — U (z + Co)] dz

x

where U(x + C,) is a stationary solution of (11) satisfying the condition (4) with constant
C, defined by
0 (o]
{ we+co—umlae+ (10 @+ C)—wlde =5
o o

Such a constant exists by virtue of a monotonous dependence of U{x + Gg) on C.

We shall prove that when ¢ -+ 0, the magnitude | (¢, x)| can be made smaller than any
given £ > 0. Then the inequality |s(s, ) | < & when ¢ > T and boundedness of the deriva-
tive, with respect to x, of the integrand function yields the estimate (see [sh

lu(t, 2) — U (z -+ Co) | < Ko® Ve (21)
for t > T where K °° is independent of 2.
Let us integrate each of the identities
du(t, x)] _ou(t, @) 3K° [u(t, x)]

i
52 (D (st 2) 52 5 5% 0

in

i
)

a ) U (z +Co) ] __ 8U (z + Co) 3K° [U (= + Co)]
L ] R
from x to o0, subtracting subsequently the second resulting identity from the first.
Taking into account the fact that
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6 [se]
u—U:-—-%S[u(t,x)—U(z+Co)]dax

we obtain " U s s
z z z
D(u)%{—[D'(&)“az——K"' (Oz)]m— ~ =0
where ®; and ®, are mean values between u(¢, x) and U(x + C ). Let us denote
: U o 0%y dy dy
D (u) =D, [D (81) 55— K (Gz)]=B, Ly)=D—3z +B 3, — 3¢
Let us choose a sufficiently large N such that when lxl > N the inequality B <~y <0
holds (this is possible by virtue of the uniform convergence of ult, x) to ugy). Then
L (e e¥P 2%y — e~ * €XP A% AT 13 ) (g exp Az — 1) + B] < 0
for |x| <N, a=k-lexp(— AN) (k> 1) and with sufficiently large A;
L™ =a oD — Ble™* <0

for x > N and with sufficiently large k.
Clearly, we can constract a function G(x) continuous together with its second order deri-

vative, coinciding with the function ¢@(x) = exp Ax when x > N, smoothly becoming linear
@(x) = x when x> N and such that

L9y g — 829 <0

W (t, ) = M9 x)-Bt 4 g4 2(2, 2)
is nonnegative on the boundary I" of P when a and B are fixed and M, is sufficiently large
Indeed, when x >N and t> T, we have |2(0, )] < ¢ and
l2(t, —AD | =1 —B|<e
Consequently, when M, is sufficiently large, we have
W (0, z) = M Q™ e 42(0, z) (22)
W(t, — Aty = M QAN g 422, —A)>0 (23)

Function

Also
L(W)=L (Me~* Q" L (L 42 4 &) <(—8+B) e F owhen B8

Thus function W(¢, x) satisfies the conditions of the Lemma and

)

S [u(t, 2) — U (z + Co)) dz | < Mye Q=B 1 g (24)

x
If, taking into account the inequalities (7) and (18) we put

1
o = min {m ' Tl}
and choose 8. 8 small enough to ensure that ad —~ 3> —m (4 - A,), then we can put
€= 0 in (22), (23) and (24). From (21) we obtain
Ju(t, z)—U(x+Co) | < Me=heQ (x)="hot

where M is a constant independent of ¢.

Returning now to the former variables x and ¢, we obtain the proof of our Theorem.

Theorem 2. Letu(t, x) be a solution of the boundary value problem (1), (3). There
exist such constants M and 3, that the inequality

lu(t, 2) — uy| < M
holds.

Proof We shall write (1) as

and put D (u) 3u/ d82®+ [D' (u) du/ 6z — K°' (u)] dul/dz —du/dt =0

a
[D'w 4 — k" @] =8 DwW=0

Function
W(t, ) = M ® ®*P 23 4 [y (2, 2) — wy)
is nonnegative on the boundary I", of the region Rit> 0, 0 x £ X} when a is fixed, and M,
is sufficiently large. Since at sufficiently small a we have
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rw ow ow (25)

L(W)= W+B_¢7_; — 3 = ak exp (— ae** — Bt) ¥ [AD (ae®* —1)—B ] <0
in the region R, function W(t, x) cannot attain a negative minimum in R as at the point of
negative minimom we have 32W/9x2> 0, dW/dx = 0 and dW/0t £ 0, which implies L{(W)> 0
which in turn contradicts (25).

Thus W(s, %) > 0 in R and it follows that

| u (, z)— uy 1< Mye™®exp Ax=53¢
The assertion of Theorem 2 is obvious.
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